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Abstract: In this paper, some algebraic properties of Cesaro double ideal
convergent sequence spaces are defined and proved. Those spaces are defined
as CI and C{,, . Furthermore, this paper shows some inclusion relations on
these spaces which are established and proved.
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1. Introduction and preliminaries

The notion of strong Cesaro convergence was initially defined by [2], this notion
was defined as: A sequence (z,,) on a normed space (X, | -||) is called strongly
Cesaro convergence to L if

lim;, o0 1/K Zﬁzl |z, — L|| = 0. In [4, 9], the authors have extended this no-
tion in several fields. Fast [10] in 1951 introduced the concept of statistical
convergence, at the same time Steinhaus [11] in 1951 by his own way defined
the notion of ordinary and asymptotic convergences. After that, Fridy [12, 13]
studied the statistical convergence and he created a relation which linked this
notion with the notion of summability theory. On the other hand, Kostyrko
et al. [14] in 2000 showed the concept of ideal convergence which was a gen-
eralization of statistical convergence. Some years after, Salat et al. [5] studied
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some properties of I-convergence, and then it has been studied by many math-
ematicians. Recently, in 2020, Faisal [1] defined the concept of strongly Cesaso
ideal convergent and proved some properties.

Now, we show some definitions and previous results which are useful for the
developing of this paper.

Definition 1. ([3]) Let 2w = {z = (zpm) : Tpm € R or C} of all real
and complex double sequences, where R and C denote the real number set and
complex number set, respectively.

Definition 2. ([3]) A double sequence z = (Xy,) € 2w is said to be
double I-convergent to a number L if for every ¢ > 0, we have

{(m,n) € N X N : |xpm,m — L| > €} € 1.

In this case, we write I-lim x,,,, = L.

Definition 3. ([14]) Let X be a non-empty set. Then a family of sets
I C 2% is said to be an ideal in X if the following statements hold:

L Oel.
2. f AC Band B €I, then A€ .
3. IfABel, then AUBEI.
Moreover, and ideal I is called admissible if {{z}:2x € X} C I.

Definition 4. ([3]) A non-empty set F' € 2% is known as a filter in N if
satisfies the following statements:

1. 0 eF.
2. A B€F,then ANB € F.

3. Ae Fwith AC B, then B € F.

Remark 5. For every ideal I, there is a filter F'(I) (associated with I)
defined as F(I) ={P C N x N : P¢ € I where P°= N x N — P}.

Lemma 6. (See [5]) Let W € F(I) and M C N. If M ¢ I, then
MAW ¢ 1.
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Lemma 7. (See [5]) Let I C 2N and M C N. If M ¢ I, then M NW ¢ I
and W € F(I).

Definition 8. A double sequence space of X is said to be solid if (VpmZnm) €
X whenever () € X and (ynm) is a sequence of scalars with |[YpmZnm| < 1,
for all (n,m) € N x N.

Definition 9. A double sequence of X is said to be a sequence algebra if
for every (Znm), (Ynm) € X, (Tnm, Ynm) € X.

2. Results

We first introduce the notion of C! ~which denotes the space of all Ceséro
double I-convergent sequences. Besides, we also introduce the notion of CZ
which denotes the space of Cesaro double ideal null sequences. Those notions
are given as follows:

Definition 10. C! = {z = (v,n) € 2w : {(n,m) € N x N : I-
kj
1
lim — E |Znm — L|| = 0}, for some L € C'} € 1.

kj—o0 k‘] =1

Deﬁnition 11. L., = 1{r = (xpm) € 2w : {(n,m) € N x N : I-

lim = Z [Znml| = 0}} € 1.

kj—ro0 k‘]

Theorem 12. The sequences spaces CL —and C{, . are linear.

Proof. Let © = (2pm) and y = (Ypm), where x,y € CI . Then, we have
that

kj
1
I— lim — —L||=0 fi LecC,
G 2o e = LI =0 for some
1 &
I— kjllinoo kj E |Ynm — Lo|| =0 for some Lo € C.

nm=1
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Now, let
Vi = {(nvm) ENXN: ,IC Z ||xnm LH} (1)
nm=1
Vo={(n,m) € N xN:— Z | Ynm — Loll}- (2)
nm=1

Now, let v and ¢ be any two scalars. Taking into account the properties of
norm, we have that

1 T . nm nm) — L L
k]gnookjnz |@am + Bynin) = (L + SLo)|

1 1
lim — L lim — — Lo|.
< Jm_ e - L+ Jm (6]l — Lol

Thus, from (1) and (2), we have that for every ¢ > 0,

{(n,m) e Nx N: lim — Z 1(Ynm + $ynm) — (YL + $Lo)|

kj—o0 j

ZE}CVlUVQ.

Therefore, (YZpm+@Ynm) € CL,, for all scalars 7, ¢ and (Znm ), (Ynm) € CL,,.
In consequence, this implies that C!  is a linear space.

The proof of C¥,,, is a linear space is proved in the same manner of the
cl . O

Proposition 13. Let © = (z,,) € w be any double sequence, then
ct..,ccl
Onm nm:*

Proof. The proof is followed by the Definitions 10 and 11. U
Theorem 14. The space C{, . is solid.

Proof. Let (Tym) € CL,,, be any element. Then we have that

{(nm) € N x N:I= lm Z lnm | = 0}
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Now, let (ynm) be a double sequence of scalars such that |y,,| < 1, for all
nm € N x N. So, we gets that

7. Z |7nm|<1

nml

Then, from the above inequality, we have that

nm=1 nm=1
nm=1 nm=1 nm=1
for all (n,m) € N x N. Therefore, the space C’({nm is solid. O

Theorem 15. A double sequence x = () € CL,.. is double I-convergent
if and only if for every e > 0, there exists t = t(e) € N x N such that

1 J
{(n,m) € N x N : o D lanm — il < €} € F(I).
nm

Proof. We begin proof =-:
. , . 1 &
Consider © = (Znm) € Cp,,,- Then, I-limy;_, o o Z |Znm — L|| = 0. Thus,
j n

for all € > 0 the set
1 < €
Crm = {(n,m) € N X N+ 15 nEm: l#wm — LIl < 5} € F(D).

Fix a t(e) € C5,,,, then we obtain

nm?

1 &g 1 &g 1&g e e
2 ol < — L+ — _o<S4E2
5 2 el < 5 3 e = LI+l = 2 < 4 5 =

which holds for all (n,m) € C,,,. Therefore,

1
{(n,m) € N x N : i ; |Znm — 4|| < €} € F(I).
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Now, we proof <:
Consider that for all € > 0, the set

kj
1
{(n,m) € N x N : i D lanm — il < €} € F(I).
nm

Then, for every e > 0, we have that

kj
1
My, ={(n,m) € N x N : FZ [
] nm

13 1
€ [EZ l|lze|| — G’k_jz lze|l + €]} € F(I).
nm nm

kj kj
1 1
We will denote W, = [k:_ g llze| — €, P E [zl + €]
J nm J nm

For fixed € > 0, we have that M}, € F(I), as well as, M2 F(I).
Therefore, M¢,, N Mge € F(I). This implies that M, N M2 # 0. Thus,
kj
1
{(n,m) e Nx N : — > Nznmll € W} € F(I).
J nm
For this, we have diam(Wpy,,) < diam(Wy,,), where diam(W,,,) denotes
the length of the interval of W,,,. In this way, by induction, we have the
sequence of closed intervals W<, = US D UL D ..D U3, D .. With the
property that Ut < 1/2diam(U:,L), for i = 1,2,3, ... and
kj
1 A
{(n,m) € Nx N : i > lnmll € Uiy} € F(I),
nm

for i =1,2,3,.... Then, there exists a L € ﬂUflm such that

kj
L=1- k}gnoo 1/k.7 ; Hxan
This proves that = (z,,,) € CL,, is double I-convergent. O

Theorem 16. Let x = () and y = (ynm) be any two double sequences
such that T'(x - y) = T(z)T(y). Then, the space CL, and C{  are sequence
algebra.
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Proof. Let © = (%) and y = (Ynm) be any two elements of C = with
T(x-y) =T(x)T(y). Now, for every € > 0 choose A > 0 such that e < A\. Then,
we have that

kj
1 €
{(n,m) € N x N : 0 > T (@nm) — Lill < a3} € F()
nm

and
1 " €
{(n,m)eNxN:k—j > T (Ynm) — Lyl <E}GF(I)-

Taking into account the above and the properties of norm, we have that

kj
1
? Z HT(xnmynm) - LiLPH
J m

kj
1
= 7. HT(mnm)T(ynm) - LinH
kj nm

kj
1
nm

1 ¥ 1 1
< — Z T (Yrm )| = Z | T (xnm) — Lil| + \Lz‘|? Z | T (Ynm) — Lyl

2

€ €
< 4L <e

20 TlLilgp <€

Hence, the set

kj

1
§ HT(xnmynm) - LinH > 6} el
nm

n,m)eNXN:—
In consequence, (Znm)(Ynm) € CL,.. Therefore, CL  is a sequence algebra.
The proof of Cénm is a sequence algebra is proved in the same manner of

the CL . 0
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3. Conclusion

In this paper, we defined and studied some properties on C  and Cémo spaces,
as well as, the closed relation between them. On the other hand, those concepts
let the researchers extend and prove new notions on these spaces taking into
account double sequences in ideal spaces. Otherwise, during the developing of
this paper, we had been thinking about the following question: Is the space

1
Com

solid ? It would be interesting to show or to prove this result which is an

open problem.
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