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Abstract: In this paper, some algebraic properties of Cesáro double ideal
convergent sequence spaces are defined and proved. Those spaces are defined
as CI

nm and CI
0nm. Furthermore, this paper shows some inclusion relations on
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1. Introduction and preliminaries

The notion of strong Cesáro convergence was initially defined by [2], this notion
was defined as: A sequence (xn) on a normed space (X, ‖ · ‖) is called strongly
Cesáro convergence to L if
limn→∞ 1/k

∑k
n=1 ‖xn − L‖ = 0. In [4, 9], the authors have extended this no-

tion in several fields. Fast [10] in 1951 introduced the concept of statistical
convergence, at the same time Steinhaus [11] in 1951 by his own way defined
the notion of ordinary and asymptotic convergences. After that, Fridy [12, 13]
studied the statistical convergence and he created a relation which linked this
notion with the notion of summability theory. On the other hand, Kostyrko
et al. [14] in 2000 showed the concept of ideal convergence which was a gen-
eralization of statistical convergence. Some years after, Salat et al. [5] studied
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some properties of I-convergence, and then it has been studied by many math-
ematicians. Recently, in 2020, Faisal [1] defined the concept of strongly Cesáso
ideal convergent and proved some properties.

Now, we show some definitions and previous results which are useful for the
developing of this paper.

Definition 1. ([3]) Let 2ω = {x = (xnm) : xnm ∈ R or C} of all real
and complex double sequences, where R and C denote the real number set and
complex number set, respectively.

Definition 2. ([3]) A double sequence x = (Xnm) ∈ 2ω is said to be
double I-convergent to a number L if for every ǫ > 0, we have

{(m,n) ∈ N ×N : |xnm − L| ≥ ǫ} ∈ I.

In this case, we write I-lim xnm = L.

Definition 3. ([14]) Let X be a non-empty set. Then a family of sets
I ⊆ 2X is said to be an ideal in X if the following statements hold:

1. ∅ ∈ I.

2. If A ⊂ B and B ∈ I, then A ∈ I.

3. If A,B ∈ I, then A ∪B ∈ I.

Moreover, and ideal I is called admissible if {{x} : x ∈ X} ⊆ I.

Definition 4. ([3]) A non-empty set F ∈ 2X is known as a filter in N if
satisfies the following statements:

1. ∅ ∈ F .

2. A,B ∈ F , then A ∩B ∈ F .

3. A ∈ F with A ⊆ B, then B ∈ F .

Remark 5. For every ideal I, there is a filter F (I) (associated with I)
defined as F (I) = {P ⊆ N ×N : P c ∈ I where P c = N ×N − P}.

Lemma 6. (See [5]) Let W ∈ F (I) and M ⊆ N . If M /∈ I, then

M ∩W /∈ I.
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Lemma 7. (See [5]) Let I ⊆ 2N and M ⊆ N . If M /∈ I, then M ∩W /∈ I
and W ∈ F (I).

Definition 8. A double sequence space ofX is said to be solid if (γnmxnm) ∈
X whenever (xnm) ∈ X and (γnm) is a sequence of scalars with |γnmxnm| ≤ 1,
for all (n,m) ∈ N ×N.

Definition 9. A double sequence of X is said to be a sequence algebra if
for every (xnm), (ynm) ∈ X, (xnm, ynm) ∈ X.

2. Results

We first introduce the notion of CI
nm which denotes the space of all Cesáro

double I-convergent sequences. Besides, we also introduce the notion of CI
0nm

which denotes the space of Cesáro double ideal null sequences. Those notions
are given as follows:

Definition 10. CI
nm = {x = (xnm) ∈ 2ω : {(n,m) ∈ N × N : I-

lim
kj→∞

1

kj

kj∑

nm=1

‖xnm − L‖ = 0}, for some L ∈ C} ∈ I.

Definition 11. CI
0nm = {x = (xnm) ∈ 2ω : {(n,m) ∈ N × N : I-

lim
kj→∞

1

kj

kj∑

nm=1

‖xnm‖ = 0}} ∈ I.

Theorem 12. The sequences spaces CI
nm and CI

0nm are linear.

Proof. Let x = (xnm) and y = (ynm), where x, y ∈ CI
nm. Then, we have

that

I − lim
kj→∞

1

kj

kj∑

nm=1

‖xnm − L‖ = 0 for some L ∈ C,

I − lim
kj→∞

1

kj

kj∑

nm=1

‖ynm − L0‖ = 0 for some L0 ∈ C.
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Now, let

V1 = {(n,m) ∈ N ×N :
1

kj

kj∑

nm=1

‖xnm − L‖}, (1)

V2 = {(n,m) ∈ N ×N :
1

kj

kj∑

nm=1

‖ynm − L0‖}. (2)

Now, let γ and φ be any two scalars. Taking into account the properties of
norm, we have that

lim
kj→∞

1

kj

kj∑

nm=1

‖(γxnm + φynm)− (γL+ φL0)‖

≤ lim
kj→∞

1

kj
|γ|‖xnm − L‖+ lim

kj→∞

1

kj
|φ|‖ynm − L0‖.

Thus, from (1) and (2), we have that for every ǫ > 0,

{(n,m) ∈ N ×N : lim
kj→∞

1

kj

kj∑

nm=1

‖(γxnm + φynm)− (γL+ φL0)‖

≥ ǫ} ⊂ V1 ∪ V2.

Therefore, (γxnm+φynm) ∈ CI
nm for all scalars γ, φ and (xnm), (ynm) ∈ CI

nm.
In consequence, this implies that CI

nm is a linear space.

The proof of CI
0nm is a linear space is proved in the same manner of the

CI
nm.

Proposition 13. Let x = (xnm) ∈ ω be any double sequence, then

CI
0nm ⊂ CI

nm.

Proof. The proof is followed by the Definitions 10 and 11.

Theorem 14. The space CI
0nm is solid.

Proof. Let (xnm) ∈ CI
0nm be any element. Then, we have that

{(n,m) ∈ N ×N : I − lim
kj→∞

1

kj

kj∑

nm=1

‖xnm‖ = 0}.
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Now, let (γnm) be a double sequence of scalars such that |γnm| ≤ 1, for all
nm ∈ N ×N . So, we gets that

1

kj

k∑

nm=1

|γnm| ≤ 1.

Then, from the above inequality, we have that

1

kj

kj∑

nm=1

‖γnmxnm‖ =
1

kj

kj∑

nm=1

|γnm|‖xnm‖

=
1

kj

kj∑

nm=1

|γnm|
1

kj

kj∑

nm=1

‖xnm‖ ≤
1

kj

jk∑

nm=1

‖xnm‖

for all (n,m) ∈ N ×N . Therefore, the space CI
0nm is solid.

Theorem 15. A double sequence x = (xnm) ∈ CI
nm is double I-convergent

if and only if for every ǫ > 0, there exists t = t(ǫ) ∈ N ×N such that

{(n,m) ∈ N ×N :
1

kj

kj∑

nm

‖xnm − xt‖ < ǫ} ∈ F (I).

Proof. We begin proof ⇒:

Consider x = (xnm) ∈ CI
nm. Then, I-limkj→∞

1

kj

kj∑

nm

‖xnm−L‖ = 0. Thus,

for all ǫ > 0 the set

Cǫ
nm = {(n,m) ∈ N ×N :

1

kj

kj∑

nm

‖xnm − L‖ <
ǫ

2
} ∈ F (I).

Fix a t(ǫ) ∈ Cǫ
nm, then we obtain

1

kj

kj∑

nm

‖xnm − xt‖ ≤
1

kj

kj∑

nm

‖xnm − L‖+
1

kj

kj∑

nm

‖xt − L‖ <
ǫ

2
+

ǫ

2
= ǫ

which holds for all (n,m) ∈ Cǫ
nm. Therefore,

{(n,m) ∈ N ×N :
1

kj

kj∑

nm

‖xnm − xt‖ < ǫ} ∈ F (I).



530 C. Granados

Now, we proof ⇐:
Consider that for all ǫ > 0, the set

{(n,m) ∈ N ×N :
1

kj

kj∑

nm

‖xnm − xt‖ < ǫ} ∈ F (I).

Then, for every ǫ > 0, we have that

M ǫ
nm = {(n,m) ∈ N ×N :

1

kj

kj∑

nm

‖xnm‖

∈ [
1

kj

kj∑

nm

‖xt‖ − ǫ,
1

kj

kj∑

nm

‖xt‖+ ǫ]} ∈ F (I).

We will denote W ǫ
nm = [

1

kj

kj∑

nm

‖xt‖ − ǫ,
1

kj

kj∑

nm

‖xt‖+ ǫ].

For fixed ǫ > 0, we have that M ǫ
nm ∈ F (I), as well as, M

ǫ/2
nm ∈ F (I).

Therefore, M ǫ
nm ∩M

ǫ/2
nm ∈ F (I). This implies that M ǫ

nm ∩M
ǫ/2
nm 6= ∅. Thus,

{(n,m) ∈ N ×N :
1

kj

kj∑

nm

‖xnm‖ ∈ Wnm} ∈ F (I).

For this, we have diam(Wnm) ≤ diam(W ǫ
nm), where diam(Wnm) denotes

the length of the interval of Wnm. In this way, by induction, we have the
sequence of closed intervals W ǫ

nm = U0
nm ⊇ U1

nm ⊇ ... ⊇ U5
nm ⊇ .... With the

property that U i
nm ≤ 1/2diam(U i−1

nm ), for i = 1, 2, 3, ... and

{(n,m) ∈ N ×N :
1

kj

kj∑

nm

‖xnm‖ ∈ U i
nm} ∈ F (I),

for i = 1, 2, 3, .... Then, there exists a L ∈ ∩U i
nm such that

L = I − lim
kj→∞

1/kj

kj∑

nm

‖xnm‖.

This proves that x = (xnm) ∈ CI
nm is double I-convergent.

Theorem 16. Let x = (xnm) and y = (ynm) be any two double sequences

such that T (x · y) = T (x)T (y). Then, the space CI
nm and CI

0nm are sequence

algebra.
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Proof. Let x = (xnm) and y = (ynm) be any two elements of CI
nm with

T (x · y) = T (x)T (y). Now, for every ǫ > 0 choose λ > 0 such that ǫ < λ. Then,
we have that

{(n,m) ∈ N ×N :
1

kj

kj∑

nm

‖T (xnm)− Li‖ <
ǫ

2λ
} ∈ F (I)

and

{(n,m) ∈ N ×N :
1

kj

kj∑

nm

‖T (ynm)− Lp‖ <
ǫ

2Li
} ∈ F (I).

Taking into account the above and the properties of norm, we have that

1

kj

kj∑

nm

‖T (xnmynm)− LiLp‖

=
1

kj

kj∑

nm

‖T (xnm)T (ynm)− LiLp‖

=
1

kj

kj∑

nm

‖T (xnm)T (ynm)− LiT (ynm) + LiT (ynm)− LiLp‖

≤
1

kj

kj∑

nm

‖T (ynm)‖
1

kj

kj∑

nm

‖T (xnm)− Li‖+ |Li|
1

kj

kj∑

nm

‖T (ynm)− Lp‖

<
ǫ2

2α
+ |Li|

ǫ

2|Li|
< ǫ.

Hence, the set

{(n,m) ∈ N ×N :
1

kj

kj∑

nm

‖T (xnmynm)− LiLp‖ ≥ ǫ} ∈ I.

In consequence, (xnm)(ynm) ∈ CI
nm. Therefore, CI

nm is a sequence algebra.

The proof of CI
0nm is a sequence algebra is proved in the same manner of

the CI
nm.
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3. Conclusion

In this paper, we defined and studied some properties on CI
nm and CI

nm0 spaces,
as well as, the closed relation between them. On the other hand, those concepts
let the researchers extend and prove new notions on these spaces taking into
account double sequences in ideal spaces. Otherwise, during the developing of
this paper, we had been thinking about the following question: Is the space
CI
nm solid ? It would be interesting to show or to prove this result which is an

open problem.
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